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Abstract. Consider the complex matrix Lie superalgebra glN|N with the standard
generators Eij where i, j = ±1 , . . . ,±N . Define an involutory automorphism η
of glN|N by η (Eij) = E−i,−j . The twisted polynomial current Lie superalgebra
g = {X(u) ∈ glN|N [u] : η (X(u)) = X(−u) }
has a natural Lie co-superalgebra structure. We quantise the universal enveloping
algebra U(g) as a co-Poisson Hopf superalgebra. For the quantised algebra we give
a description of the centre, and construct the double in the sense of Drinfeld. We
also construct a wide class of irreducible representations of the quantised algebra.
1. Introduction
In this article we will work with certain Lie superalgebras [K] over the complex field
C . Their universal enveloping algebras are Z2 -graded associative unital algebras,
and we will always keep to the following convention. Let A and B be any two
associative complex Z2 -graded algebras. Their tensor product A⊗B will be a
Z2 -graded algebra such that for any homogeneous X,X
′ ∈ A and Y, Y ′ ∈ B
(X ⊗ Y )(X ′ ⊗ Y ′) = XX ′ ⊗ Y Y ′ · (−1)deg X′deg Y ,
deg (X ⊗ Y ) = deg X + deg Y .
Throughout this article we will denote by θ the isomorphism A⊗B → B⊗A
defined by
X ⊗ Y 7→ Y ⊗X · (−1)deg Xdeg Y .
If the algebra A is unital denote by ιp its embedding into the tensor product A
⊗n
as the p -th tensor factor:
ιp(X) = 1
⊗ (p−1) ⊗X ⊗ 1⊗ (n−p) , 1 6 p 6 n.
We will also use various embeddings of the algebra A⊗m into A⊗n for any m 6 n .
For any choice of pairwise distinct indices p1 , . . . , pm ∈ {1 , . . . , n} and an element
X ∈ A⊗m of the form X = X(1) ⊗ . . .⊗X(m) we will denote
Xp1...pm = ιp1
(
X(1)
)
. . . ιpm
(
X(m)
) ∈ A⊗n .
Let a be an arbitrary finite-dimensional Lie superalgebra. Then consider the
polynomial current Lie superalgebra a[u] . It consists of the polynomial functions of
a complex variable u valued in a . For any two such functions their supercommu-
tator in a[u] is determined pointwise. Let K ∈ a⊗2 be an a -invariant element: we
have the equality
[
X1 +X2 , K
]
= 0 in a⊗2 for any X ∈ a . Here a is regarded
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as a subspace in the enveloping algebra U(a) and the square brackets stand for
the supercommutator. Also suppose that K is of Z2 -degree zero and symmetric:
K12 = K21 . Then the rational function
(1.1) r(u, v) =
K
u− v
of two complex variables u , v satisfies the classical Yang-Baxter equation for a[u] :
(1.2)
[
r12(u, v), r13(u, w)
]
+
[
r12(u, v), r23(v, w)
]
+
[
r13(u, w), r23(v, w)
]
= 0
in a⊗3 . This can be verified by momentary calculation. Furthermore, the function
(1.1) is antisymmetric:
r12(u, v) + r21(v, u) = 0 .
Therefore the co-supercommutator ϕ : a[u]→ a[u]⊗2 = a⊗2[u, v] can be defined by
(1.3) ϕ
(
X(u)
)
=
[
X1(u) +X2(v) , r(u, v)
]
.
This definition makes a[u] into a Lie bi-superalgebra. In particular, if a is a simple
Lie algebra and K is the Casimir element, one gets a natural Lie bialgebra structure
on a[u] . It gives rise to a natural co-Poisson structure on the universal enveloping
algebra U(a[u] ) , which is a co-commutative Hopf algebra by definition. The more
general case of a simple Lie superalgebra a was considered in [LS].
Now consider the queer Lie superalgebra qN . This is the most interesting super-
analogue of the general linear Lie algebra glN , see for instance [S2]. We will realise
qN as a subalgebra in the general linear Lie superalgebra glN|N . Let the indices
i, j run through ± 1 , . . . , ± N . We will always write ı¯ = 0 if i > 0 and ı¯ = 1 if
i < 0 . Consider the Z2 -graded vector space C
N|N . Let ei ∈ CN|N be an element
of the standard basis. The Z2 -gradation on C
N|N is defined so that deg ei = ı¯ .
Let Eij ∈ End(CN|N ) be the standard matrix units. The algebra End(CN|N ) is
Z2 -graded so that deg Eij = ı¯ + ¯ . We will also regard Eij as generators of the
complex Lie superalgebra glN|N . The queer classical Lie superalgebra qN is the
fixed point subalgebra in glN|N with respect to the involutive automorphism
(1.4) η : Eij 7→ E−i,−j
The queerness of qN reveals itself in that all the symmetric qN -invariants in
q⊗2N of Z2 -degree zero are trivial: for a = qN we always have K ∈ C ·E⊗2 where
(1.5) E = E11 +E−1,−1 + . . .+ENN + E−N,−N .
Hence in this case the co-supercommutator (1.3) vanishes and there is no natural
Lie bi-superalgebra structure on qN [u] . However such a structure can be defined,
in compensation, on the twisted polynomial current Lie superalgebra
(1.6) g =
{
X(u) ∈ glN|N [u] : η (X(u)) = X(−u)
}
.
Our definition is based on the following general scheme [A1,A2,FR]. Let a , K be
arbitrary as above and ω be an automorphism of the Lie superalgebra a of finite
order n . Let ζ be a primitive n -th root of unity. Generalising (1.1) put
(1.7) r(u, v) =
∑
m∈Zn
id⊗ ωm (K)
u− ζm v .
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Proposition 1.1. Suppose that ω⊗2 (K) = ζ K . Then the function (1.7) is anti-
symmetric and obeys the classical Yang-Baxter equation (1.2).
Proof. The function r(u, v) determined by (1.1) satisfies the equation (1.2). Let us
apply to the left-hand side of (1.2) with that r(u, v) the operator id ⊗ ω k ⊗ ω l in
a⊗3 and substitute ζk v , ζlw for v , w respectively. Taking then the sum over k, l ∈
Zn and using ω
⊗2 (K) = ζ K , we will obtain the left-hand side of (1.2) with the
function r(u, v) determined by (1.7). For the latter function r(u, v) we also have
r21(v, u) =
∑
m∈ Zn
ωm ⊗ id (K21)
v − ζm u =
∑
m∈Zn
ωm ⊗ id (K)
v − ζm u
=
∑
m∈ Zn
id⊗ ω−m (K)
ζ−m v − u = − r(u, v) 
Note that for a simple Lie algebra a always ω⊗2 (K) = K , and in compliance with
[BD] this construction does not give any new solutions of (1.2) . Let a be the Lie
superalgebra glN|N and ω be the involutive automorphism (1.4). The element
(1.8) P =
∑
ij
Eij ⊗Eji · (−1) ¯
of gl⊗2N|N is symmetric and glN|N -invariant. Moreover, we have η
⊗2 (P ) = −P .
Due to Proposition 1.1 by setting K = P in (1.7) we get an antisymmetric solution
of the Yang-Baxter equation (1.2). Therefore (1.3) defines a co-supercommutator
ϕ : g→ g⊗2 . Thus we obtain a Lie bi-superalgebra structure on g .
For any simple finite-dimensional Lie algebra a , quantisation of the co-Poisson
Hopf algebra U(a[u] ) was described in [D1]. The quantised Hopf algebra is denoted
by Y(a) and called the Yangian of the Lie algebra a . The algebra Y(a) contains
the universal enveloping algebra U(a) as a subalgebra. However, the case a = slN
is exceptional since only for a = slN there exists a homomorphism Y(a) → U(a)
identical on the subalgebra U(a) , see [D1,Theorem 9]. There is also a Hopf algebra
Y(glN ) , which is a quantisation of the co-Poisson Hopf algebra U(glN [u] ) . Again,
the algebra Y(glN ) contains the enveloping algebra U(glN ) as a subalgebra, and
admits a homomorphism Y(glN ) → U(glN ) identical on U(glN ) . Moreover, the
algebra Y(glN ) can be defined entirely in terms of the classical representation theory
[O1]. For further details on the Yangian Y(glN ) see [MNO] and references therein.
The main aim of this article is to define the Yangian of the Lie superalgebra qN .
It cannot be defined as a quantisation of the enveloping algbra U(qN [u] ) , because
the latter Hopf superalgebra has no natural co-Poisson structure. Instead of qN [u]
we will consider the twisted polynomial current Lie superalgebra g . In Section 2
we define a certain Hopf superalgebra Y(qN , h) over the field C [[h]] of the formal
power series in h . The quotient Y(qN , h) / hY(qN , h) is isomorphic to U(g) as a
co-Poisson Hopf superalgebra. All specialisations of Y(qN , h) at h ∈ C \ {0} are
isomorphic to each other as Hopf superalgebras. The specialisation at h = 1 will
be denoted by Y(qN ) and called the Yangian of Lie superalgebra qN . Similarly to
the Yangian Y(glN ) , the algebra Y(qN ) contains the enveloping algebra U(qN ) as
a subalgebra, and admits a homomorphism Y(qN ) → U(qN ) identical on U(qN ) .
In Section 3 we describe the centre of the Z2 -graded algebra Y(qN ) . In Section 4
we construct the double of this Yangian in the sense of [D3]. In Section 5 we study
an analogue for Y(qN ) of the Drinfeld functor [D2] for the Yangian Y(glN ) .
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2. Definition of the Yangian
In this section we introduce the Yangian of the Lie superalgebra qN . This is a
complex associative unital Z2 -graded algebra Y(qN ) with the countable set of
generators T
(s)
ij where s = 1, 2, . . . and i, j = ±1, . . . ,±N . The Z2 -gradation
on the algebra Y(qN ) is determined by setting deg T
(s)
ij = ı¯ + ¯ for s > 1 . To
write down defining relations for these generators we will employ the formal series
(2.1) Tij(u) = δij · 1 + T (1)ij u−1 + T (2)ij u−2 + . . .
from Y(qN )[[u
−1]] . Then for all possible indices i, j and k, l we have the relations
(u2 − v2) · [Tij(u) , Tkl(v)] · (−1) ı¯ k¯+ ı¯ l¯+ k¯ l¯ =(2.2)
(u+ v) · (Tkj(u)Til(v)− Tkj(v)Til(u)) −
(u− v) · (T−k, j(u)T−i, l(v)− Tk,−j(v)Ti,−l(u)) · (−1) k¯+ l¯
in Y(qN )((u
−1, v−1)) . The square brackets here stand for the supercommutator.
Moreover, for all possible indices i, j we impose the relations
(2.3) Tij(−u) = T−i,−j(u).
We will also use the following matrix form of the relations (2.2). Regard Eij as
elements of the algebra End(CN|N ) . Combine all the series (2.1) into the single
element
T (u) =
∑
ij
Eij ⊗ Tij(u)
of the algebra End(CN|N ) ⊗ Y(qN ) [[u−1]] . For any positive integer n and each
s = 1 , . . . , n we denote
(2.4) Ts(u) = ιs ⊗ id
(
T (u)
) ∈ End(CN|N )⊗n ⊗ Y(qN ) [[u−1]] .
Regard (1.8) as an element of the algebra End(CN|N )⊗2 . Consider the element
(2.5) J =
∑
i
Ei,−i · (−1) ı¯
of the algebra End(CN|N ) , it has Z2 -degree one. Note that the supercommutant of
this element in End(CN|N ) coincides with the image of the defining representation
qN → End(CN|N ) . Introduce the rational function of two complex variables u , v
R(u , v) = 1− P
u− v +
PJ1J2
u+ v
=(2.6)
1−
∑
ij
Eij ⊗ Eji · (−1)
¯
u− v −
∑
ij
Eij ⊗ E−j,−i · (−1)
¯
u+ v
valued in the algebra End(CN|N )⊗2 . Then the relations (2.2) can be rewritten as
(2.7)
(
R(u, v)⊗ 1) · T1(u)T2(v) = T2(v)T1(u) · (R(u, v)⊗ 1).
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Namely, after multiplying each side of (2.7) by u2− v2 it becomes a relation in the
algebra
End(CN|N )⊗2 ⊗ Y(qN ) ((u−1, v−1))
equivalent to the collection of all relations (2.2). Also note that the function (2.6)
satisfies the quantum Yang-Baxter equation for the algebra End(CN|N )⊗3(u, v, w)
(2.8) R12(u, v)R13(u, w)R23(v, w) = R23(v, w)R13(u, w)R12(u, v) .
Furthermore, consider (1.4) as an automorphism of the algebra End(CN|N ) .
The collection of all relations (2.3) is equivalent to the single equation
(2.9) η ⊗ id (T (u)) = T (−u) .
Observe that by the definition (2.6) of R(u, v) we also have in End(CN|N )⊗2(u, v)
η ⊗ id (R(u, v)) = R(−u, v) ,(2.10)
id⊗ η (R(u, v)) = R(u,−v).(2.11)
We call the function (2.6) the rational R -matrix for the Lie superalgebra qN .
For any i, j put Fij = Eij + E−i,−j . Then we have the equality η (Fij) = Fij
in End(CN|N ) . We will also regard Fij as generators of the universal enveloping
algebra U(qN ) . Due to (2.2) there is a homomorphism
(2.12) Y(qN )→ U(qN ) : Tij(u) 7→ δij − Fji u−1 · (−1) ¯ .
The relations (2.2),(2.3) now imply that the assignment
(2.13) Fji 7→ −T (1)ij · (−1) ¯
defines embedding of Z2 -graded associative unital algebras U(qN )→ Y(qN ) . The
fact that the homomorphism (2.13) has no kernel, is due to Theorem 2.3 below.
The homomorphism (2.12) is identical on the subalgebra U(qN ) . It will be
called the evaluation homomorphism for the algebra Y(qN ) and denoted by πN .
The element T (u) of the algebra End(CN|N )⊗Y(qN )[[u−1]] is invertible, we put
T (u)−1 =
∑
i,j
Eij ⊗ T˜ij(u).
Then the relations (2.7),(2.9) along with the identity
(2.14) R(u, v)R(−u,−v) = 1− 1
(u− v)2 −
1
(u+ v)2
imply that the assignment Tij(u) 7→ T˜ij(−u) determines an automorphism of the
algebra Y(qN ) . This automorphism is evidently involutive.
We will use two different ascending Z -filtrations on the algebra Y(qN ) . They are
obtained by assigning to the generator T
(s)
ij the degree s or s−1 respectively. The
corresponding Z -graded algebras will be denoted by gr Y(qN ) and gr-Y(qN ) . Let
G
(s)
ij ∈ gr-Y(qN ) be the element corresponding to the generator T (s)ij ∈ Y(qN ) . The
algebra gr-Y(qN ) inherits Z2 -gradation from Y(qN ) such that deg G
(s)
ij = ı¯ + ¯ .
Take the enveloping algebra U(g) of the twisted current Lie superalgebra (1.6).
The algebra U(g) also has a natural Z2 -gradation: the Z2 -degree of the element
(2.15) F
(s)
ij = Eij u
s + E−i,−j (−u)s
equals ı¯ + ¯ for any s > 0 . We have the following easy observation.
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Proposition 2.1. The assignment for every s > 0
(2.16) F
(s)
ji 7→ − G (s+1)ij · (−1) ¯
determines a surjective homomorphism U(g)→ gr-Y(qN ) of Z2 -graded algebras.
Proof. The elements (2.15) generate the algebra U(g) . The defining relations for
these generators can be written as
[
F
(s)
ji , F
(r)
lk
]
= δil F
(s+r)
jk − δkj F (s+r)li · (−1) ( ı¯+ ¯ )( l¯+ k¯ ) +(2.17)
δi,−l F
(s+r)
−j,k · (−1)s − δ−k,j F (s+r)l,−i · (−1) ( ı¯+ ¯ )( l¯+ k¯ )+s
for all r, s > 0 and
(2.18) F
(s)
−j,−i = (−1)s · F (s)ji .
On the other hand, by (2.2) we obtain the relations in the algebra gr-Y(qN )
(−1) ı¯ k¯+ ı¯ l¯+ k¯ l¯ · [G (s)ij , G (r)kl ] = δkj G (s+r−1)il − δilG (s+r−1)kj +
δk,−j G
(s+r−1)
−i, l · (−1)k¯+ l¯+s − δ−i,lG (s+r−1)k,−j · (−1)k¯+ l¯+s
for r, s > 1 . Due to (2.3)
G
(s)
−i,−j = (−1)s ·G (s)ij .
Comparison of these relations to (2.17) and (2.18) shows that (2.16) determines a
homomorphism U(g)→ gr-Y(qN ) . This homomorphism is surjective and preserves
Z2 -gradation by definition 
There is a natural Hopf superalgebra structure on Y(qN ) . Due to (2.7),(2.9) the
comultiplication ∆ : Y(qN )→ Y(qN )⊗ Y(qN ) can be defined by
(2.19) Tij(u) 7→
∑
k
Tik(u)⊗ Tkj(u) · (−1) ( ı¯+ k¯ )( ¯+ k¯ )
where the tensor product is taken over the subalgebra C[[u−1]] in Y(qN ) [[u
−1]] and
the index k runs through ±1 , . . . , ± N . The counit ε : Y(qN ) → C is defined
so that ε : T
(−s)
ij 7→ 0 for every s > 1 . Then the assignment Tij(u) 7→ T˜ij(u)
determines the antipodal map S : Y(qN ) → Y(qN ) . It is an antiautomorphism
of the Z2 -graded algebra Y(qN ) . Note that Y(qN ) contains U(qN ) as a Hopf
sub-superalgebra: by the definitions (2.13) and (2.19) for any F ∈ qN we have
∆(F ) = F ⊗ 1 + 1⊗ F , ε(F ) = 0 , S(F ) = −F .
The comultiplication (2.19) on the Z2 -graded algebra Y(qN ) allows us to define
for any n = 1, 2, . . . a representation Y(qN ) → End(CN|N )⊗n depending on n
arbitrary complex parameters z1 , . . . , zn . Indeed, by comparing (2.8),(2.10) to
(2.7),(2.9) respectively we obtain that for any z ∈ C the assignment
(2.20) End(CN|N )⊗ Y(qN ) [[u−1]]→ End(CN|N )⊗2 [[u−1]] : T (u) 7→ R(u, z)
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determines a representation Y(qN )→ End(CN|N ) . More explicitly, we have
(2.21) T
(s+1)
ij 7→ −
(
Eji z
s + E−j,−i (−z)s
) · (−1) ¯ , s > 0 .
When z = 0 this representation Y(qN ) can be also obtained from the standard
representation U(qN ) → End(CN|N ) by virtue of the evaluation homomorphism
(2.12). Now for any z1 , . . . , zn ∈ C take the tensor product of the representations
(2.20) of the algebra Y(qN ) with z = z1 , . . . , zn . Due to (2.19) the respective
homomorphism Y(qN )→ End(CN|N )⊗n is determined by the assignment
End(CN|N )⊗Y(qN ) [[u−1]] → End(CN|N )⊗(n+1) [[u−1]] :(2.22)
T (u) 7→ R12(u, z1) . . . R1,n+1(u, zn).
Proposition 2.2. Let the complex parameters z1 , . . . , zn and positive integer n
vary. Then the kernels of all representations (2.22) of Y(qN ) have zero intersection.
Proof. Take any finite linear combination of the products T
(s1)
i1j1
. . . T
(sm)
imjm
∈ Y(qN )
with certain complex coefficients A
(s1...sm)
i1j1...imjm
where the indices s1 , . . . , sm > 1
and the number m > 0 may vary. Consider the image of this combination under
the representation Y(qN ) → End(CN|N )⊗n determined by (2.22); it depends on
z1 , . . . , zn polynomially. Take the terms of this polynomial which have the maximal
total degree in z1 , . . . , zn . Let A the sum of these terms and d be their degree.
Consider the ascending Z -filtration on algebra Y(qN ) where the generator T
(s)
ij
with s > 1 has degree s−1 . Equip the tensor product Y(qN )⊗n with the ascending
Z -filtration where the degree is the sum of the degrees on the tensor factors. Then
by the definition (2.19) under the comultiplication Y(qN )→ Y(qN )⊗n we have
T
(s)
ij 7→
∑
16r6n
1⊗(r−1) ⊗ T (s)ij ⊗ 1⊗(n−r) + lower degree terms , s > 1 .
Therefore A ∈ End(CN|N )⊗n coincides with the image of the sum∑
s1+...+sm=d+m
A
(s1...sm)
i1j1...imjm
F
(s1−1)
j1i1
. . . F
(sm−1)
jmim
· (−1)m+ ¯1+ ...+ ¯m ∈ U(g)
under the tensor product of the evaluation representations
U(g)→ End(CN|N ) : F (s)ij 7→ Eij z s + E−i,−j (−z)s , s > 0
at the points z = z1 , . . . , zn ∈ C ; see the definition (2.15) of the element F (s)ij ∈ g ,
and the formula (2.21) for the representation Y(qN )→ End(CN|N ) corresponding
to z ∈ C . Due to Proposition 2.1 it now suffices to show that when z1 , . . . , zn ∈ C
and the positive integer n vary, the kernels of the tensor products of the evaluation
representations of the algebra U(g) at z = z1 , . . . , zn ∈ C have zero intersection.
This will also imply that the homomorphism (2.16) is injective.
The algebra U(g) is a subalgebra in the universal enveloping algebra of the Lie
superalgebra glN|N [u] . We will show that the intersection of the kernels of all finite
tensor products of evaluation representations U(glN|N [u] )→ End(CN|N ) , is zero.
Denote by ̟n the supersymmetrisation map in the tensor product (glN|N [u] )
⊗n
normalised so that ̟ 2n = ̟n . We will identify the vector space (glN|N [u] )
⊗n with
gl⊗nN|N [u1 , . . . , un] where u1 , . . . , un are independent complex variables.
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The vector space glN|N is identified with End(C
N|N ) . Choose any linear basis
X1 , . . . , X4N2 in glN|N such that X1 = E as in (1.5). The element X1 ∈ glN|N is
then identified with the operator 1 ∈ End(CN|N ) . Take any finite non-zero linear
combination of the elements
(2.23) (Xa1u
s1) . . . (Xamu
sm) ∈ U(glN|N [u] )
where the indices s1 , . . . , sm > 0 and the number m > 0 may vary. We assume
that for every fixed m the elements
̟m
(
Xa1u
s1 ⊗ . . .⊗Xamusm
) ∈ (glN|N [u] )⊗m = End(CN|N )⊗m [u1 , . . . , um]
are linearly independent. Further, we will suppose that in every product (2.23) the
indices a1 , . . . , ap > 1 for certain p 6 m while ap+1 = . . . = am = 1 . We will
also suppose that sp+1 , . . . , sq > 0 for some q > p , while sq+1 = . . . = sm = 0 .
For any n > p consider the tensor product ν of the evaluation representations of
the algebra U(glN|N [u] ) at u1 , . . . , un ∈ C . Let us denote by P the subspace in
End(CN|N )⊗n spanned by the vectors Xb1 ⊗ . . .⊗Xbn where either the number of
indices br > 1 is less than p , or br = 1 for at least one r 6 p . The image of (2.23)
under ν is a polynomial in u1 , . . . , un valued in End(C
N|N )⊗n , of the form
(2.24) p !̟p
(
Xa1u
s1 ⊗ . . .⊗Xapusp
)⊗ 1⊗(n−p) ·∏
p<r6q
(usr1 + . . .+ u
sr
n ) · nm−q
plus the terms valued in the subspace P ⊂ End(CN|N )⊗n . Here the tensor factor
̟p
(
Xa1u
s1⊗ . . .⊗Xapusp
)
is regarded as an element of End(CN|N )⊗p [u1 , . . . , up ]
by identifying this algebra with (glN|N [u] )
⊗p .
The numbers p for various products (2.23) from our linear combination may
differ. Take those products (2.23) where the number p is maximal. For any n > p
the images of the remaining products under ν are polynomials in u1 , . . . , un taking
values in the subspace P ⊂ End(CN|N )⊗n . But a non-zero linear combination of
the polynomials (2.24) with the maximal p , cannot vanish identically for all n > p
by Poincare´ -Birkhoff -Witt theorem [MM,Theorem 5.15] for Lie superalgebras 
In the course of the proof of Proposition 2.2 we established that the homomorphism
(2.16) is injective. Together with Proposition 2.1, this yields the following result.
Theorem 2.3. Z2 -graded algebras U(g) and gr-Y(qN ) are isomorphic via (2.16).
Let us now return to the first Z -filtration on the algebra Y(qN ) . Let t
(s)
ij be the
element of the algebra gr Y(qN ) corresponding to the generator T
(s)
ij ∈Y(qN ) . The
algebra gr Y(qN ) inherits Z2 -gradation from Y(qN ) such that deg t
(s)
ij = ı¯ + ¯ .
Corollary 2.4. The algebra gr Y(qN ) is supercommutative with free generators
t
(s)
ij and t
(s)
i,−j where s = 1 , 2 , . . . and i, j = 1 , . . . , N .
Proof. The Z -graded algebra gr Y(qN ) is supercommutative due to the relations
(2.2). Moreover, by (2.3) for any s > 1 we have the relation t
(s)
−i,−j = (−1)s t (s)ij .
The supercommuting generators t
(s)
ij with i > 0 are free due to Theorem 2.3 
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To finish this section let us show that the Hopf superalgebra Y(qN ) provides a
quantisation of the co-Poisson Hopf superalgebra U(g) in the sense of [D1]. Let
h be a formal parameter. Take the tensor product C[[h]] ⊗ Y(qN ) where h has
Z2 -degree zero. Denote by Y(qN , h) the unital subalgebra in this tensor product,
generated by all the elements H
(s)
ij = T
(s)
ij h
s−1 with s > 1 . Due to Theorem 2.3 an
isomorphism of Z2 -graded algebras Y(qN , h)/hY(qN , h)→ U(g) can be defined by
(2.25) H
(s)
ij + hY(qN , h) 7→ −F (s−1)ji · (−1)¯ ,
see (2.15). Let us extend the comultuplication ∆ to Y(qN , h) by C[[h]] -linearity.
The definition (2.19) implies that the assignment (2.25) defines an isomorphism of
Hopf superalgebras. Let ψ : Y(qN , h)→ U(g) be the composition of the projection
Y(qN , h)→ Y(qN , h)/hY(qN , h) with the isomorphism (2.25).
Now let us consider the co-supercommutator ϕ : g→ g⊗2 ⊂ glN|N [u]⊗ glN|N [v]
determined by (1.3), where according to (1.7) we put
(2.26) r(u, v) =
∑
ij
Eij ⊗Eji · (−1)
¯
u− v +
∑
ij
Eij ⊗ E−j,−i · (−1)
¯
u+ v
.
Extend ϕ to the co-Poisson bracket U(g) → U(g)⊗2 . Denote this extension by
the same letter ϕ . Further, denote by ∆◦ the composition of the comultiplication
∆ on Y(qN , h) with the involutive automorphism θ of the algebra Y(qN , h)
⊗2 ,
defined in the beginning of Section 1. To show that Y(qN , h) is a quantisation of the
co-Poisson Hopf superalgebra U(g) it remains to prove the following proposition.
Proposition 2.4. For any element X ∈ Y(qN , h) we have the equality
(2.27) (ψ ⊗ ψ)((∆(X)−∆◦ (X))/h) = ϕ(ψ(X)) .
Proof. If suffices to verify the equality (2.27) for the generators H
(s)
ij of the algebra
Y(qN , h) . By the definitions (2.25) and (1.3),(2.26) for s > 1 we have in U(g)
⊗2
ϕ
(
ψ
(
H
(s)
ij
))
= −ϕ(F (s−1)ji ) · (−1)¯ =∑
16r6s−1
(
F
(r−1)
ki ⊗ F (s−r−1)jk · (−1) (ı¯+k¯+1)(¯+k¯) − F (r−1)jk ⊗ F (s−r−1)ki · (−1) ¯+k¯
)
.
On the other hand, by the definition (2.19) for any s > 1 we have in Y(qN , h)
⊗2
∆
(
H
(s)
ij
)
= H
(s)
ij ⊗ 1 + 1⊗H(s)ij +
∑
16r6s−1
h ·H(r)ik ⊗H(s−r)kj · (−1) (ı¯+k¯)(¯+k¯) ,
∆
◦
(
H
(s)
ij
)
= H
(s)
ij ⊗ 1 + 1⊗H(s)ij +
∑
16r6s−1
h ·H(r)kj ⊗H(s−r)ik .
Thus using again the definition (2.25) we get the equality (2.27) for X = H
(s)
ij 
3. Centre of the Yangian
In this section we will give a description of the centre of the Z2 -graded algebra
Y(qN ) . By definition an element of Y(qN ) is central if it supercommutes with any
element of Y(qN ) . However, we will see that the centre of Y(qN ) consists of even
elements only. We will use some arguments from [MNO,Proposition 2.12].
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Let τ be the antiautomorphism of the Z2 -graded algebra End(C
N|N ) defined
by the assignment
Eij 7→ Eji · (−1)ı¯ ( ¯+1)
for any i and j . Introduce the element of the algebra End(CN|N )⊗2
Q = id⊗ τ (P ) =
∑
i,j
Eij ⊗ Eij · (−1)ı¯ ¯ .
Denote
T¯ (u) = τ ⊗ id( T˜ (u)) ∈ End(CN|N )⊗ Y(qN )[[u−1 ]].
The following construction of central elements in Y(qN ) goes back to [N1,Section 1].
Proposition 3.1. For a certain element Z(u) ∈ Y(qN )[[u−1 ]] we have the equality
(3.1)
(
Q⊗ 1) · T1(u) T¯2(u) = Q⊗ Z(u)
in the algebra End(CN|N )⊗2 ⊗ Y(qN )[[u−1 ]] . The coefficients of the series Z(u)
are of Z2 -degree zero and belong to the centre of the algebra Y(qN ) .
Proof. Introduce the rational function R¯(u, v) = id ⊗ τ (R(u, v)) valued in the
algebra End(CN|N )⊗2 . One can directly verify the identity
R¯(u, v) R¯(−u,−v) = 1 .
By making use of this identity we derive from (2.7) the relation
(3.2)
(
R¯(−u,−v)⊗ 1) · T1(u) T¯2(v) = T¯2(v)T1(u) · (R¯(−u,−v)⊗ 1) .
Let us multiply each side of this relation by u− v and then put u = v . We obtain(
Q⊗ 1) · T1(u) T¯2(u) = T¯2(u)T1(u) · (Q⊗ 1) .
Since the image of the endomorphism Q ∈ End(CN|N )⊗2 has dimension one, we
get the first statement of Proposition 3.1. Since Q has Z2 -degree zero, the equality
(3.1) shows that every coefficient of the series Z(u) has Z2 -degree zero in Y(qN ) .
Let us now work with the algebra End(CN|N )⊗3 ⊗ Y(qN )[[u−1, v−1 ]] . Using
the relations (2.7),(3.2) and the definition (3.1) we get the equalities(
Q23 R¯13(−u,−v)R12(u, v)⊗ 1
) · T1(u)T2(v) T¯3(v) =(3.3) (
Q23 ⊗ 1
) · T2(v) T¯3(v)T1(u) · (R¯13(−u,−v)R12(u, v)⊗ 1) =(
Q23 ⊗ Z(v)
) · T1(u) · (R¯13(−u,−v)R12(u, v)⊗ 1) .
On the other hand, by (2.14) we have the identity in End(CN|N )⊗3(u, v )
R13(−u,−v)P23R12(u, v) = P23 ·
(
1− 1
(u− v)2 −
1
(u+ v)2
)
.
So
Q23 R¯13(−u,−v)R12(u, v) = Q23 ·
(
1− 1
(u− v)2 −
1
(u+ v)2
)
.
Due to the latter identity we obtain from (3.3) the equality
T1(u) ·Q23 ⊗ Z(v) = Q23 ⊗ Z(v) · T1(u).
Hence every coefficient of the series Z(v) commutes with any generator T
(s)
ij of
the algebra Y(qN ) 
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Let us consider the square S 2 of the antipodal map. It is an automorphism of
the Z2 -graded algebra Y(qN ) . Here is an alternative definition of the series Z(u) .
Proposition 3.2. We have S 2
(
Tij(u)
)
= Tij(u) · Z−1(u) for all indices i and j .
Proof. Definition (3.1) is equvalent to the collection of relations in Y(qN )[[u
−1]]
(3.4)
∑
i
Tij(u) T˜ki(u) = Z(u) δjk .
On the other hand, by the definition of the anipodal map S we have the relations
(3.5)
∑
i
Tki(u)S
(
Tij(u)
) · (−1) ( ı¯+ k¯ )( ı¯+ ¯ ) = δjk .
By applying the antiautomorphism S to each side of the latter equality we get∑
i
S 2
(
Tij(u)
)
T˜ki(u) = δjk .
By comparing the last equality with (3.4) we prove Proposition 3.2 
Corollary 3.3. We have the equalities of formal series in u−1
∆
(
Z(u)
)
= Z(u)⊗ Z(u) , ε(Z(u)) = 1 , S (Z(u)) = Z−1(u) .
Proof. Let θ be the involutive automorphism of the algebra Y(qN ) ⊗ Y(qN ) as
defined in the beginning of Section 1. Since ∆ ◦ S = θ ◦ (S ⊗ S) ◦ ∆ we get
∆
(
T˜ij(u)
)
=
∑
k
T˜kj(u)⊗ T˜ik(u)
from the definition (2.19). Now by using (2.19) again we obtain the first equality in
Corollary 3.3 from (3.4). The second equality follows directly from (3.4). To obtain
the third equality in Corollary 3.3 apply the the antiautomorphism S to each side
of (3.4) and then use (3.5) along with Proposition 3.2 
Observe that due to the relations (2.3) we have Z(−u) = Z(u) . Thus
Z(u) = 1 + Z(2)u−2 + Z(4)u−4 + . . .
for certain central elements Z(2), Z(4), . . . ∈ Y(qN ) . We have the following theorem.
Theorem 3.4. Elements Z(2), Z(4), . . . are free generators of the centre of Y(qN ) .
We will present the main steps of the proof as separate propositions. We will make
use of the second ascending filtration on the algebra Y(qN ) . Take the element
G
(s)
ij of the Z -graded algebra gr-Y(qN ) corresponding to generator T
(s)
ij ∈ Y(qN ) .
Denote
G(s) =
∑
i
G
(s)
ii · (−1)ı¯ .
Note that by the relation (2.3) here G(s) = 0 if the number s is even. Theorem 2.3
provides an isomorphism between gr-Y(qN ) and the enveloping algebra U(g) of
the Lie superalgebra (1.6). In particular, the elements G(1), G(3), . . . ∈ gr-Y(qN )
are algebraically independent.
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Proposition 3.5. For any index s = 2, 4, . . . the element of the algebra gr-Y(qN )
corresponding to Z(s) ∈ Y(qN ) is (s− 1) ·G(s−1) .
Proof. Amongst other relations the collection (3.2) contains the equality
[
Tij(u), T˜ji(v)
]
=
(−1)ı¯
u− v
∑
k
(
Tkj(u) T˜jk(v)− T˜ki(v)Tik(u)
)
for any indices i and j . The square brackets here stand for the supercommutator.
By performing summation in this equality over the index i we get
∑
i
Tij(u) T˜ji(v) = 1−
∑
i,k
T˜ki(v)Tik(u) · (−1)
ı¯
u− v
By setting u equal to v in the latter equality we obtain due to (3.4) that
(3.6) Z(v) = 1−
∑
i,k
T˜ki(v) T˙ik(v) · (−1)ı¯
where
T˙ik(v) = − T (1)ik v−2 − 2T (2)ik v−3 − . . .
is the first derivative of the formal series Tik(v) with respect to the parameter v .
By the definition of the second filtration on Y(qN ) the element of the Z -graded
algebra gr-Y(qN ) corresponding to the coefficient at v
−s in the expansion of the
right hand side of (3.6) is (s− 1) ·G (s−1) whenever s > 1 
To prove Theorem 3.4 it suffices to show that the elements G(1), G(3), . . . generate
the centre of gr-Y(qN ) . By Theorem 2.3 this means that for the element E ∈ qN
defined by (1.5), the elements E,E u2, E u4, . . . ∈ g generate the centre of the
Z2 -graded algebra U(g) .
To prove the latter statement we will consider the following general situation.
Let b be an arbitrary finite-dimensional Lie superalgebra. Let ω be any involutive
automorphism of b . Consider the corresponding twisted polynomial current Lie
superalgebra
h =
{
X(u) ∈ b[u] : ω (X(u)) = X(−u)} .
Proposition 3.6. Suppose that the centre of the Lie superalgebra b is trivial. Then
the centre of the universal enveloping algebra U(h) is also trivial.
Proof. We will prove that the adjoint action of h in the supercommutative algebra
S(h) has only trivial invariant elements. Choose a homogeneous basis X1 , . . . , Xn
in b and let
[Xp, Xq ] =
∑
r
cpqrXr
where cpqr ∈ C is a structure constant of b . We put r¯ = 0 if the element Xr ∈ b
is even and r¯ = 1 if this element is odd. Assume that for some h 6 n we have
ω (Xr) = Xr when 1 6 r 6 h and ω (Xr) = −Xr when h < r 6 n .
The elements Xr t
s where 1 6 r 6 h when s = 0, 2, . . . and h < r 6 n when
s = 1, 3, . . . form a basis in the Lie superalgebra h . Let us order the set of the
pairs (s, r) here lexicographically:
(0, 1) ≺ . . . ≺ (0, h) ≺ (1, h+ 1) ≺ . . . ≺ (1, n) ≺ . . . .
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A basis in the supercommutative algebra S(h) is then formed by all finite ordered
products of the elements (Xru
s)d over the set of pairs (s, r) where d = 0, 1, 2, . . .
when r¯ = 0 but d = 0, 1 when r¯ = 1 .
Let us now fix any h -invariant element Y ∈ S(h) . Let m be the maximal
integer such that Xru
m occurs in Y for some index r . Suppose that m is even.
Then the element Y is a finite sum
Y =
∑
d1... dh
Yd1... dh · (X1um)d1 . . . (Xhum)dh
where any factor Yd1... dh ∈ S(h) depends only on elements Xrus ∈ h with s < m .
This factor is zero if dp > 1 for some index p 6 h with p¯ = 1 . By our assumption
(3.7) ad(Xq u) · Y = 0 ; q = h+ 1 , . . . , n .
The minimal component of the left hand side of (3.7) that depends on elements
Xru
m+1 ∈ h is the sum over d1 , . . . , dh of the products in S(h)
Yd1... dh
∑
p6h
(X1u
m)d1 . . . (Xpu
m)dp−1. . . (Xhu
m)dh
∑
h<r6n
dp cpqr(Xru
m+1)· (−1)fp
where
fp =
∑
p<s6h
s¯ds (q¯ + r¯) =
∑
p<s6h
s¯ds p¯
if cpqr 6= 0 . That component must be equal to zero. So for all q, r = h+ 1 , . . . , n∑
d1... dh
Yd1... dh ·
∑
p6h
(X1u
m)d1 . . . (Xpu
m)dp−1. . . (Xhu
m)dh · dp cpqr (−1)fp = 0 .
Thus for any sequence d1 , . . . , dh of non-negative integers such that dp 6 1 if p¯ = 1
(3.8)
∑
p6h
Yd1... dp+1 ... dh (dp + 1) cpqr · (−1)fp = 0; q, r = h+ 1 , . . . , n .
By our assumption we have along with (3.7) the collection of equalities in S(h)
(3.9) ad(Xq u
2) · Y = 0 ; q = 1 , . . . , h .
By considering the minimal component of the left hand side of (3.9) that depends
on elements Xru
m+2 ∈ h we get along with (3.8) the equalities
(3.10)
∑
p6h
Yd1... dp+1 ... dh (dp + 1) cpqr · (−1)fp = 0 ; q, r = 1 , . . . , h .
Let us now make use of the assumption that the centre of the Lie superalgebra h
is trivial. It implies that the system of linear equations on the variables z1 , . . . , zh∑
p6h
[
zp (dp + 1)Xp · (−1)fp , Xq
]
= 0 ; q = 1 , . . . , n
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has only the trivial solution. Rewrite the latter system as∑
p6h
zp (dp + 1)cpqr · (−1)fp = 0; q, r = 1 , . . . , n
and compare the result with (3.8),(3.10). We obtain that Yd1... dp+1 ... dh = 0 for
any index p = 1 , . . . , h . The sequence d1 , . . . , dh here can be chosen arbitrarily.
So we get Y = Y0 , ... ,0 . The case when m is odd can be treated similarly 
By applying Proposition 3.6 to the quotient Lie superalgebra b = glN|N/C ·E
we complete the proof of Theorem 3.4. Before closing this section let us consider
the images in U(qN ) of the elements Z
(2), Z(4), . . . ∈ Y(qN ) with respect to the
evaluation homomorphism πN . By the definition (2.12) we obtain from (3.6) that
πN : Z
(2) 7→ −
∑
k
Fkk = − 2E
and
πN : Z
(s+2) 7→ −
∑
k1 , ... ,ks+1
Fk2k1 . . . Fks+1ks Fk1ks+1 · (−1) k¯1+ ...+ k¯s
for each s = 2, 4, . . . where the indices k, k1 , . . . , ks+1 run through ±1 , . . . , ±N .
So the elements πN (Z
(2)), πN (Z
(4)), . . . generate the centre of the algebra U(qN )
by [S1,Theorem1]. In particular, we have the following corollary to Theorem 3.4.
Corollary 3.7. The image of the centre of Y(qN ) with respect to the evaluation
homomorphism πN coincides with centre of the Z2 -graded algebra U(qN ) .
Different construction of a distinguished linear basis in the centre of the Z2 -graded
algebra U(qN ) was given in [N3,Section 4]. In particular, that construction yields a
qN -analogue of the classical Capelli identity [C] for the enveloping algebra U(glN ) .
Results of the next section are underlying for that construction, cf. [N4,Section 3] .
4. Double of the Yangian
The general notion of a quantum double was introduced in [D3,Section 13]. Here we
consider the quantum double of the Yangian Y(qN ); cf. [S] and [BL,Section 3.3] .
We employ it to define the universal R -matrix for the Hopf superalgebra Y(qN ).
Firstly consider a complex associative unital Z2 -graded algebra Y
∗(qN ) with
the countable set of generators T
(−s)
ij where s = 1, 2, . . . and i, j = ±1, . . . ,±N .
The Z2 -gradation on the algebra Y
∗(qN ) is determined by setting deg T
(−s)
ij = ı¯+¯
for each s > 1 . To write down defining relations for these generators we put
(4.1) T ∗ij(v) = δij · 1 + T (−1)ij + T (−2)ij v + T (−3)ij v2 + . . . ∈ Y∗(qN )[[v ]] .
Let us now combine all the series (4.1) into the single element
T ∗(v) =
∑
i,j
T ∗ij(v)⊗ Eij ∈ Y∗(qN )⊗ End(CN|N ) [[v ]] .
Further, for any positive integer n and each s = 1 , . . . , n we will denote
(4.2) T ∗s (v) = id⊗ ιs
(
T ∗(v)
) ∈ Y∗(qN )⊗ End(CN|N )⊗n [[v ]] .
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Then the defining relations in Y∗(qN ) can be written as
T ∗1 (u)T
∗
2 (v) ·
(
1⊗R(u, v)) = (1⊗R(u, v)) · T ∗2 (v)T ∗1 (u) ,(4.3)
id⊗ η (T ∗(v)) = T ∗(−v) .(4.4)
After multiplying each side of (4.3) by u2− v2 it becomes a relation in the algebra
Y∗(qN )⊗ End(CN|N )⊗2 [[u, v ]] .
It is equivalent to the collection of relations in the algebra Y∗(qN )[[u, v ]]
(u2 − v2) · [ T ∗ij(u) , T ∗kl(v)] · (−1) ı¯ ¯+ ı¯ l¯+ ¯ l¯ =(4.5)
(u+ v) · (T ∗il(u)T ∗kj(v)− T ∗il(v)T ∗kj(u)) +
(u− v) · (T ∗i,−l(u)T ∗k,−j(v)− T ∗−i,l(v)T ∗−k,j(u)) · (−1) ı¯+ ¯
for all possible indices i, j and k, l . Then (4.4) is equivalent to the collection of
(4.6) T ∗ij(−v) = T ∗−i,−j(v) .
There is a natural structure of Z2 -graded bialgebra on Y
∗(qN ) . Due to (4.3)
and (4.4) we can define a comultiplication ∆ : Y∗(qN )→ Y∗(qN ) ⊗Y∗(qN ) by
(4.7) T ∗ij(v) 7→
∑
k
T ∗ik(v)⊗ T ∗kj(v) · (−1) ( ı¯+ k¯ )( ¯+ k¯ ),
similarly to (2.19). But here the tensor product is taken over the subalgebra C[[v ]] .
The counit ε : Y∗(qN ) → C is determined so that ε : T (−s)ij 7→ 0 for s > 1 . Note
that Y∗(qN ) is a bi-superalgebra but not a Hopf superalgebra. The antipode is
defined for a completion Y ′(qN ) of Y
∗(qN ) such that T
∗(0) ∈ Y ′(qN )⊗End(CN|N )
is invertible. We will construct such a completion later in this section.
There is a canonical bilinear pairing 〈 , 〉 : Y(qN ) × Y∗(qN ) → C . We shall
describe the corresponding linear map β : Y(qN ) ⊗ Y∗(qN ) → C . The latter map
will be defined following [RTF, Section 2] so that for all numbers m,n = 0, 1, 2, . . .
End(CN|N )⊗m ⊗ Y(qN )⊗Y∗(qN )⊗ End(CN|N )⊗n → End(CN|N )⊗(m+n) :
T1(u1) . . . Tm(um)⊗ T ∗1 (v1) . . . T ∗n(vn) 7→
→∏
16k6m
( →∏
16l6n
Rk,m+l(uk, vl)
)
(4.8)
under the map id⊗β⊗ id . Here u1 , . . . , um , v1 , . . . , vn are independent variables
and the product of the rational functions Rk,m+l(uk , vl) should be expaned as a
formal power series in u−11 , . . . , u
−1
m , v1 , . . . , vn . In particular, when m = n = 0
we get the equality 〈1,1〉 = 1 . Due to the relations (2.7),(2.9) and (4.3),(4.4) the
consistency of this definition follows from (2.10),(2.11) and (2.8). The following
lemma describes a basic property of the pairing 〈 , 〉 .
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Lemma 4.1. Let s1 , . . . , sm and r1 , . . . , rn be any numbers from {1, 2, . . .}. Then
〈
T
(s1)
i1j1
. . . T
(sm)
imjm
, T
(−r1)
im+1jm+1
. . . T
(−rn)
im+njm+n
〉 6= 0 ⇒ s1 + . . .+ sm > r1 + . . .+ rn
for all m,n = 0, 1, 2, . . . and any choice of the indices i1, j1 , . . . , im+n , jm+n .
Proof. First suppose that r1 , . . . , rn > 2 . Then by our definition the value of the
pairing in Lemma 4.1 is up to the factor ±1 the coefficient at
(4.9) Ei1j1⊗ . . .⊗ Eim+njm+n · u−s11 . . . u−smm · v r1−11 . . . v rn−1n
in the expansion of the product in End(CN|N )⊗ (m+n) [[ u−11 , . . . , u
−1
m , v1 , . . . , vn ]]
→∏
16k6m
( →∏
16l6n
(
1−
∑
s>1
vs−1l
usk
Pk,m+l
(
1 + (−1)sJkJm+l)
))
where we have used (2.6). If here the coefficient at (4.9) is non-zero then evidently
s1 + . . .+ sm > r1 + . . .+ rn .
Now suppose that some of the numbers r1 , . . . , rn are equal to 1. Without loss
of generality we will assume that r1 , . . . , rp > 2 and rp+1 , . . . , rn = 1 for some
p < n . Rewrite the product over the indices k, l at the right-hand side of (4.8) as
→∏
16l6p
( →∏
16k6m
Rk,m+l(uk , vl)
)
·
→∏
p<l6n
( →∏
16k6m
Rk,m+l(uk , vl)
)
.
Now the value of the pairing in Lemma 4.1 is up to the factor ±1 the coefficient
at (4.9) in the expansion of the product
→∏
16l6p
( →∏
16k6m
(
1−
∑
s>1
vs−1l
usk
Pk,m+l(1 + (−1)sJkJm+l )
)) ×(4.10)
→∏
p<l6n
( →∏
16k6m
(
1−
∑
s>1
vs−1l
usk
Pk,m+l(1 + (−1)sJkJm+l )
)− 1)
If here that coefficient is non-zero then s1 + . . .+ sm > r1 + . . .+ rp + n− p 
We will equip the algebra Y∗(qN ) with the descending Z -filtration defined by
assigning to the generator T
(−s)
ij the degree s for any s > 1 . The corresponding
Z -graded algebra will be denoted by grY∗(qN ) . The formal completion of the
algebra Y∗(qN ) with respect to this filtration will be denoted by Y
′(qN ) . We will
extend the comultiplication ∆ on Y∗(qN ) to the algebra Y
′(qN ) , and still denote
this extension by ∆ . The image ∆
(
Y ′(qN )
)
lies in the formal completion of the
algebra Y∗(qN ) ⊗ Y∗(qN ) with respect to the descending Z -filtration, defined by
assigning to the element T
(−r)
ij ⊗ T (−s)kl the degree r + s . Indeed, with respect to
this filtration ∆(T
(−r)
ij
)
is a finite sum of elements of degree not less than r .
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Let G
(−s)
ij ∈Y∗(qN ) be the element corresponding to the generator T (−s)ij of the
algebra Y∗(qN ) . The algebra grY
∗(qN ) inherits Z2 -gradation from Y
∗(qN ) such
that for any s > 1 we have deg t
(−s)
ij = ı¯+ ¯ . By the relations (4.6) we have
(4.11) G
(−s)
−i,−j = (−1)s+1G (−s)ij , s > 1 .
Furthermore, we can define a bilinear pairing
(4.12) 〈 , 〉 : grY(qN )× grY∗(qN )→ C
by making 〈
t
(s1)
i1j1
. . . t
(sm)
imjm
, G
(−r1)
im+1jm+1
. . .G
(−rn)
im+njm+n
〉
equal to 〈
T
(s1)
i1j1
. . . T
(sm)
imjm
, T
(−r1)
im+1jm+1
. . . T
(−rn)
im+njm+n
〉
if s1 + . . .+ sm = r1 + . . . + rn and equal to zero otherwise. Here m,n > 0 and
s1 , . . . , sm , r1 , . . . , rn > 1 while the indices i1, j1 , . . . , im+n , jm+n are arbitrary.
This definition is correct due to Lemma 4.1. Now for each s = 0, 1, 2, . . . denote
by grsY(qN ) and grsY
∗(qN ) the subspaces of degree s in the Z -graded algebras
grY(qN ) and grY
∗(qN ) respectively.
Lemma 4.2. Restriction of the pairing (4.12) to grsY(qN ) × grsY∗(qN ) is not
degenerate for any s > 0 .
Proof. Fix any integers s1 , . . . , sm , r1 , . . . , rn > 1 such that
s1 + . . .+ sm = sm+1 + . . .+ sn .
Without loss of generality we will assume that s1 > . . . > sm and sm+1 > . . . > sn .
Suppose that r1 , . . . , rp > 2 while rp+1 , . . . , rn = 1 for some p > 0 . Now we do
not exclude the case p = n . Let us consider the coefficient at
(4.13) u−s11 . . . u
−sm
m · v r1−11 . . . v rn−1n
in the expansion of the product (4.10) as a series in u−11 , . . . , u
−1
m , v1 , . . . , vn . By
our assumptions this coefficient can be non-zero only if m = n and sk = rk for
all indices k = 1 , . . . , m . Suppose that this is the case. For r = 1, 2, . . . denote
by Sr the segment of the sequence 1 , . . . , m consisting of all k such that sk = r .
Then the coefficient at (4.13) in the expansion of (4.10) equals
(4.14) (−1)m ·
∏
r>1
( ∑
g
∏
l∈Sr
Pg(l),m+l
(
1 + (−1)rJg(l)Jm+l
))
where the index g runs through the set of all permutations of the sequence Sr .
Note that the factors in each of the above two products commute.
Choose any basis in the space grsY(qN ) consisting of monomials t
(s1)
i1j1
. . . t
(sm)
imjm
such that
s1 > . . . > sm > 1 , s1 + . . .+ sm = s
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and
ik ∈ {1 , . . . , N } , jk ∈ { ± 1 , . . . , ±N }
for k = 1 , . . . , m while the number m > 0 can vary. The above argument using
the expression (4.14) shows that for any two elements of this basis
t
(s1)
i1j1
. . . t
(sm)
imjm
and t
(r1)
im+1jm+1
. . . t
(rn)
im+njm+n
the value 〈
t
(s1)
i1j1
. . . t
(sm)
imjm
, G
(−r1)
jm+1im+1
. . .G
(−rn)
jm+nim+n
〉
is non-zero only if m = n and for each index k = 1 , . . . , m we have the equalities
im+k = ik , jm+k = jk , rk = sk .
In the latter case that value up to the factor ±1 is the product a! b ! . . . where
a, b, . . . are multiplicities in the sequence of the triples (i1, j1, s1) , . . . , (im, jm, sm).
But the products
G
(−s1)
j1i1
. . .G
(−sm)
jmim
∈ gr Y∗(qN )
corresponding to elements of our basis in grsY(qN ) span the space grsY
∗(qN ) 
Take the subalgebra g′ = u·g in the Lie superalgebra glN|N [u] , see definition (1.6).
Consider the corresponding universal enveloping algebra U(g′) .
Corollary 4.3. The Z2 -graded algebras grY
∗(qN ) and U(g
′) are isomorphic.
Proof. Consider the elements F
(s)
ij of the universal enveloping algebra of glN|N [u]
with s > 0 , defined by (2.15) . Any relation between these elements follows from
(2.17),(2.18). On the other hand, the generators G
(−s)
ij of the algebra gr Y
∗(qN )
with s > 1 satisfy (4.11). Due to (4.5) they also satisfy the relations
(−1) ı¯ ¯+ ı¯ l¯+ ¯ l¯ · [G (s)ij , G (r)kl ] = δkj G (−s−r)il − δilG (−s−r)kj +
δk,−j G
(−s−r)
−i, l · (−1)ı¯+ ¯+s − δ−i,lG (−s−r)k,−j · (−1)ı¯+ ¯+s
for all r, s > 1 . Therefore one can define a homomorphism of the algebra U(g′)
onto grY∗(qN ) by
uF
(s)
ji 7→ − G (s+1)ij · (−1) ı¯.
But Lemma 4.2 implies that the kernel of this homomorphism is trivial 
We formulate the main property of the pairing 〈 , 〉 as the next proposition.
Proposition 4.4. The bilinear map 〈 , 〉 : Y(qN )×Y∗(qN )→ C is non-degenerate
bi-superalgebra pairing.
Proof. Lemma 4.1 and Lemma 4.2 show that the pairing 〈 , 〉 is non-degenerate.
Due to (2.19) and (4.7) the definition (4.8) implies that for any X, Y ∈ Y(qN ) and
X ′, Y ′ ∈ Y∗(qN ) we have
(4.15)
〈
XY,X ′
〉
=
〈
X⊗Y,∆(X ′)〉 and 〈X,X ′Y ′〉 = 〈∆(X), X ′⊗Y ′〉
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where we employ the convention〈
X⊗Y,X ′⊗Y ′〉 = 〈X, Y 〉〈X ′, Y ′〉 · (−1)deg X′deg Y
for the homogeneous elements X and Y ′ . Also by definition we have 〈1 , 1 〉 = 1 .
Moreover, by setting n = 0 in the definition (4.8) we get for any s1 , . . . , sm > 1〈
T
(s1)
i1j1
. . . T
(sm)
imjm
, 1
〉
= 0 , m > 1 .
Thus 〈X , 1 〉 = ε(X) for the counit ε on Y(qN ) . Furthermore, by setting m = 0
in Lemma 4.1 we obtain for any r1 , . . . , rn > 1〈
1 , T
(−r1)
i1j1
. . . T
(−rn)
injn
〉
= 0 , n > 1 .
Therefore 〈1 , X ′ 〉 = ε(X ′) for the counit ε on Y∗(qN ) 
By Lemma 4.1 the pairing Y(qN )×Y∗(qN )→ C extends to Y(qN )×Y ′(qN ) . Let
us now choose any linear basis in the vector space Y(qN ) . An element of this basis
will be denoted by Yσ . There is a system of vectors Y
σ ∈ Y ′(qN ) dual to this
basis. The formal sum of elements from Y ′(qN )⊗ Y(qN ) ,
R =
∑
σ
Y σ ⊗ Yσ
does not depend on the choice of basis in Y(qN ) . It is called the universal R-matrix
for the Yangian Y(qN ) . The double of the Yangian is an associative complex unital
algebra DY(qN ) which contains Y(qN ) and Y∗(qN ) as subalgebras. Moreover, it
is generated by these two subalgebras. We also impose the relations
(4.16) R ·∆(X) = ∆◦ (X) · R , X ∈ Y∗(qN )
where ∆◦ is composition of the comultiplications ∆ on Y∗(qN ) with the involutive
automorphism θ of the algebra Y∗(qN )⊗Y∗(qN ) . Either side of the equality (4.16)
makes sense as a formal sum of elements from Y ′(qN )⊗DY(qN ) .
The equalities (4.15) imply that for the comultiplications ∆ on Y(qN ) , Y
′(qN )
(4.17) ∆⊗ id(R) = R13R23 , id⊗∆(R) = R12R13
where
R12 =
∑
σ
Y σ ⊗ Yσ ⊗ 1 , R13 =
∑
σ
Y σ ⊗ 1⊗ Yσ , R23 =
∑
σ
1⊗ Y σ ⊗ Yσ .
It follows from (4.17) that R−1 = id⊗ S (R) for the antipodal map S on Y(qN ) .
Let us now regard the parameter z in the definition (2.20) as a formal parameter.
Then we get a representation Y(qN ) → End(CN|N ) [z ] . We will denote it by ρz.
Moreover, by comparing (2.8),(2.11) to (4.3),(4.4) respectively we obtain that
(4.18) Y∗(qN )⊗ End(CN|N ) [[v ]]→ End(CN|N )⊗2 [[z−1, v ]] : T ∗(v) 7→ R(z, v)
determines a representation Y∗(qN )→ End(CN|N ) [z−1 ]. We will denote it by ρ∗z .
More explicitly, for each index s > 1 we have
ρ∗z : T
(−s)
ij 7→ −
(
Eji z
−s + E−j,−i (−z)−s
) · (−1) ı¯ .
Therefore we can now extend ρ∗z to a representation Y
′(qN )→ End(CN|N ) [[z−1 ]] .
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Proposition 4.5. We have ρ∗z ⊗ id (R) = T (z) and also id⊗ ρz (R) = T ∗(z) .
Proof. By the definition of our canonical pairing Y(qN ) ⊗ Y∗(qN ) → C , for any
m > 0 the element T ∗(z) ∈ Y∗(qN )⊗ End(CN|N ) [[z ]] has the property that
End(CN|N )⊗m ⊗Y(qN )⊗ Y∗(qN )⊗ End(CN|N ) → End(CN|N )⊗ (m+1) :
T1(u1) . . . Tm(um)⊗ T ∗(z) 7→ R1,m+1(u1 , z) . . .Rm,m+1(um , z)
under the map id⊗β⊗ id . To get the second equality in Proposition 4.5 it suffuces
to show that the element id ⊗ ρz (R) ∈ Y ′(qN ) ⊗ End(CN|N ) [z ] has the same
property. Due to the definition of the element R the latter property amounts to
id⊗ ρz : End(CN|N )⊗m ⊗ Y(qN ) → End(CN|N )⊗m+1 :
T1(u1) . . . Tm(um) 7→ R1,m+1(u1 , z) . . .Rm,m+1(um , z)
which holds by (2.20). Proof of the first equality in Proposition 4.5 is similar 
Corollary 4.6. Representations ρz of Y(qN ) and ρ
∗
z of Y
∗(qN ) determine a
representation of the algebra DY(qN ) in End(CN|N ) [z, z−1 ].
Proof. According to (4.16) we have to verify for any X ∈ Y∗(qN ) the relation
(
id⊗ ρu (R)
) · ( id⊗ ρ∗u(∆(X))) = ( id⊗ ρ∗u(∆′ (X))) · (id⊗ ρu (R))
in Y ′(qN ) ⊗ End(CN|N ) [u, u−1 ] . It suffices to set here X = T ∗ij(v) . Due to the
definitions (4.7) and (4.18) the collection of the resulting relations for all indices
i, j is exactly the defining relation (4.3) 
To write down commutation relations in the algebra DY(qN ) we will use the tensor
product End(CN|N ) ⊗ DY(qN ) ⊗ End(CN|N ) . There is a natural embedding of
the algebra End(CN|N )⊗2 into this tensor product: X ⊗ Y 7→ X ⊗ 1⊗ Y for any
elements X, Y ∈ End(CN|N ) . Denote by R̂(u, v) the image of (2.6) with respect
to this embedding. Then we obtain another corollary to Proposition 4.5.
Corollary 4.7. In End(CN|N )⊗ DY(qN )⊗ End(CN|N ) [[u−1, v ]] we have
(4.19)
(
T (u)⊗ 1) · R̂(u, v) · (1⊗ T ∗(v)) = (1⊗ T ∗(v)) · R̂(u, v) · (T (u)⊗ 1) .
Proof. Put X = T ∗ij(v) in (4.16). Apply the homomorphism ρ
∗
u⊗id to the resulting
equality and use the definition (4.7). Then we get the equality
∑
k
T (u)·(ρ∗u(T ∗ik(v))⊗ T ∗kj(v))·(−1) ( ı¯+ k¯ )( ¯+ k¯ ) =∑
k
(
ρ∗u
(
T ∗kj(v)
)⊗ T ∗ik(v))·T (u)
in End(CN|N )⊗DY(qN ) [[u−1, v ]] by Proposition 4.5. Due to the definition (4.18)
the collection of the above equalities for all indices i , j is equivalent to (4.19) 
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Theorem 4.8. The relation (4.19) implies the defining relations (4.16).
Proof. Let u1, u2, . . . be independent formal parameters. For each n = 1, 2, . . .
take the tensor product ν∗ of the representations ρ∗z : Y
′(qN )→ End(CN|N ) [[z−1 ]]
with z = u1 , . . . , un . Using our descending Z -filtration on the algebra Y
∗(qN )
and Corollary 4.3, we can prove that the kernels of all representations ν∗ have zero
intersection. The proof is similar to the proof of Proposition 2.2 and is omitted
here. Hence it suffices to derive from the relation (4.19) that for any X ∈ Y∗(qN )
(4.20) ν∗ ⊗ id (R ·∆(X)) = ν∗ ⊗ id (∆◦ (X) · R) .
Let us again use Proposition 4.5 along with the definition (4.7). The collection of all
equalities (4.20) for X = T ∗ij(v) with various indices i , j can be written as the single
relation in the algebra End(CN|N )⊗n ⊗ DY(qN )⊗End(CN|N ) [[u−11 , . . . , u−1n , v ]]
(
T1(u1) . . . Tn(un)⊗ 1
) · R̂1,n+1(u1, v) . . . R̂n,n+1(un, v) · (1⊗ T ∗(v)) =(
1⊗ T ∗(v)) · R̂1,n+1(u1, v) . . . R̂n,n+1(un, v) · (T1(u1) . . . Tn(un)⊗ 1)(4.21)
where R̂1,n+1(u1, v) , . . . , R̂n,n+1(un, v) are respectively the images of the elements
R1,n+1(u1, v) , . . . , Rn,n+1(un, v) ∈ End(CN|N )⊗(n+1) [[u−11 , . . . , u−1n , v ]]
under the natural embedding of the latter algebra to the former one. But using (4.19)
repeatedly, we obtain (4.21) 
Thus we have proved that the relations (4.19) together with the relations (2.7),(2.9)
and (4.3),(4.4) are defining relations for the algebra DY(qN ) ; cf. [KT, Section 2] .
5. Representations of the Yangian
Here we construct a wide class of irreducible representations of the algebra Y(qN ) ,
by using irreducible represenations of a certain less complicated algebra An where
n = 1, 2, . . . is arbitrary. The algebra An was introduced in [N2] and called the
degenerate affine Sergeev algebra, in honour of the author of [S1, S2] . This is an
analogue of the degenerate affine Hecke algebra, which was employed in [D2] to
construct irreducible representations of the Yangian Y(glN ) of the general linear
Lie algebra glN . Results presented in this section were reported for the first time
in the summer of 1991 at the Wigner Symposium in Goslar, Germany. They were
also reported in the autumn of 1992 at the Symposium on Representation Theory in
Yamagata, Japan. Non-degenerate affine Sergeev algebra is defined in [JN], cf. [O2].
Consider the crossed product Hn of the symmetric group Sn with the Clifford
algebra over the complex field C on n anticommuting generators. These generators
are denoted by c1 , . . . , cn and are subjected to the relations
c2p = −1 , cp cq = −cq cp if p 6= q .
The group Sn acts on the Clifford algebra by permutations of these n generators.
Let wpq ∈ Sn be the transposition of two numbers p 6= q . There is a representation
Hn → End(CN|N )⊗n determined by the assignments wpq 7→ Ppq and cp 7→ Jp , see
definitions (1.8) and (2.5). The supercommutant of the image of this representation
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in End(CN|N )⊗n coincides by [S2,Theorem 3] with the image of the n -th tensor
power of defining representation U(qN )→ End(CN|N ) . By definition, the complex
algebra An is generated by the algebra Hn and the pairwise commuting elements
x1 , . . . , xn with the following relations:
xpwq,q+1 = wq,q+1xp if p 6= q, q + 1;(5.1)
xpwp,p+1 = wp,p+1xp+1 − 1− cp cp+1 ;
xp cq = cq xp if p 6= q , xp cp = − cpxp .
The algebra An is Z2 -graded so that deg cp = 1 while deg xp = deg wpq = 0 .
Proposition 5.1. Let Y range over a basis in Hn and let each of s1 , . . . , sn range
over the non-negative integers. Then the products Y xs11 . . . x
sn
n form a basis in An .
Proof. For m = 0, 1, 2, . . . one can define a homomorphism γm : An → Hm+n by
γm : wpq 7→ wm+p,m+q , cp 7→ cm+p , xp 7→
∑
16r<m+p
(1+ cm+p cr)wm+p,r .
This can be verified directly by (5.1). Suppose that m > s1 + . . .+ sn . Choose for
every p = 1 , . . . , n a subsequence Mp in 1 , . . . , m of cardinality sp so that all
these subsequences are disjoint. Write the image of xs11 . . . x
sn
n under γm as a linear
combination of the elements cr . . . cr′w ∈ Hm+n where 1 6 r < . . . < r ′ 6 m + n
and w ∈ Sm+n . Consider the terms in this linear combination where w has the
maximal possible length. Amongst them we find the term
∏
16p6n
( →∏
r∈Mp
wm+p,r
)
which allows us to restore the exponents s1 , . . . , sn and the basis element Y ∈ Hn
from the image γm
(
Y xs11 . . . x
sn
n
)
uniquely.
By using the relations (5.1) every element of the algebra An can be expressed
as a finite linear combination of the products Y xs11 . . . x
sn
n . Now take any such a
linear combination and suppose that for all its terms m > s1 + . . . + sn . Then
the above analysis shows that for all the terms, the images γm
(
Y xs11 . . . x
sn
n
)
are
linearly independent in Hm+n 
Along with pairwise commuting generators x1 , . . . , xn we need the non-commuting
generators
yp = xp −
∑
16q<p
(1+ cp cq)wpq ; p = 1 , . . . , n .
Observe that the generators y1 , . . . , yn belong to the kernel of the homomorphism
γ0 : An → Hn as defined in the proof of Proposition 5.1. By using this observation,
w ypw
−1 = yw(p) , w ∈ Sn ;(5.2)
yp cq = cq yp if p 6= q , yp cp = − cp yp .
Relations (5.1) and relations in the first line of (5.2) yield the commutation relations
wpq [yp, yq] = yp−yq + cp cq (yp+yq)
for the generators yp, yq with arbitrary indices p, q = 1 , . . . , n .
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Now take the tensor product of the Z2 -graded algebras End(C
N|N )⊗n and An .
Since the elements x1 , . . . , xn ∈ An pairwise commute, the assignment
End(CN|N )⊗Y(qN ) [[u−1]] → End(CN|N )⊗(n+1) ⊗An [[u−1]] : T (u) 7→
→∏
16p6n
(
1− P1,p+1 ⊗ 1
u− xp + P1,p+1J1Jp+1 ⊗
1
u+ xp
)
(5.3)
determines a homomorphism Y(qN )→ End(CN|N )⊗n ⊗An , see (2.6) and (2.22).
As usual, the fractions 1/(u±xp) in (5.3) should be expanded as formal power series
in u−1 . The next proposition is a key to our construction, cf. [BGHP,Section 2.1] .
Proposition 5.2. a) The difference between the product (5.3) and the sum
(5.4) 1 −
∑
16p6n
P1,p+1 ⊗ 1
u− yp +
∑
16p6n
P1,p+1J1Jp+1 ⊗ 1
u+ yp
belongs to the left ideal in the algebra End(CN|N )⊗(n+1) ⊗An [[u−1]] generated by
all the elements 1− Pp+1,q+1 ⊗ wpq and 1− Jp+1Jq+1 ⊗ cp cq with p 6= q .
b) The sum (5.4) commutes with the elements Pp+1,q+1 ⊗ wpq and Jp+1 ⊗ cp .
Proof. Part (b) immediately follows from the relations (5.2). To prove (a), we will
use induction on n . When n = 1 , the equality x1 = y1 provides the induction
base. Suppose that n > 1 and that Proposition 5.2 is true for n− 1 instead of n .
Then the difference between (5.3) and (5.4) equals
−
(
1 −
∑
16p<n
P1,p+1 ⊗ 1
u− yp +
∑
16p<n
P1,p+1J1Jp+1 ⊗ 1
u+ yp
)
×
(
P1,n+1 ⊗ 1
u− xn − P1,n+1J1Jn+1 ⊗
1
u+ xn
)
+(
P1,n+1 ⊗ 1
u− yn − P1,n+1J1Jn+1 ⊗
1
u+ yn
)
.
Up to the terms divisible on the right by 1−Pp+1,n+1⊗wpn or 1−Jp+1Jn+1⊗cp cn
with 1 6 p < n , the above sum equals
P1,n+1 ⊗
(
1
u− yn −
1
u− xn +
∑
16p<n
1
u− xn
(
1
u− yp +
1
u+ yp
cncp
)
wpn
)
+
P1,n+1J1Jn+1 ⊗
(
1
u+ xn
− 1
u+ yn
+
∑
16p<n
1
u+ xn
(
1
u+ yp
+
1
u− yp cncp
)
wpn
)
where we have used the fact that xn commutes with y1 , . . . , yn−1 . In these two
lines, the second tensor factors differ by changing u to −u . It suffices to show that
in the first line, the second tensor factor equals zero in An [[u−1]] . Multiplying this
tensor factor on the left by u−xn , on the right by u− yn , and using the relations
(5.2) in An we get the sum
(u− xn)− (u− yn) +
∑
16p<n
( 1+ cn cp )wpn .
But this sum equals zero by the definition of the element yn ∈ An 
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Take any representation ξ : An → End(U) where the complex vector space U
is Z2 -graded, but not necessary finite-dimensional. The algebra End(U) is then
Z2 -graded. We assume that the homomorphism ξ preserves Z2 -gradation.
Take the tensor product of vector spaces (CN|N )⊗n⊗U . We identify the tensor
product End(CN|N )⊗n ⊗ End(U) with the algebra End((CN|N )⊗n ⊗ U ) so that
(A⊗B) · (a⊗ b) = (Aa)⊗ (Bb) · (−1)deg a deg B .
for any homogeneous a ∈ (CN|N )⊗n, b ∈ U and A ∈ End(CN|N )⊗n , B ∈ End(U).
There is an action of the hyperoctahedral group Sn ⋉ Z
n
2 in (C
N|N )⊗n ⊗ U . The
transposition wpq ∈ Sn acts as the operator Ppq ⊗ ξ (wpq) while the generator of
p -th direct factor Z2 in Z
n
2 acts as the operator Jp⊗ξ (cp)·
√−1 . Denote by α this
action. Let V be the space of co-invariants with respect to α . This is the quotient
space of (CN|N )⊗n ⊗U with respect to the subspace spanned by the images of all
the operators α(g)−1 with g ∈ Sn ⋉ Zn2 . Each of these operators has Z2 -degree
zero, therefore the vector space V inherits Z2 -gradation from (C
N|N )⊗n ⊗ U .
Let us expand the element (5.4) of End(CN|N )⊗(n+1) ⊗ An [[u−1]] relative to
the basis of standard matrix units in the first tensor factor End(CN|N ) . Then for
s = 0, 1, 2, . . . the coefficient in (5.4) at Eij u
−s−1 ∈ End(CN|N ) [[u−1]] is∑
16p6n
(
ιp(Eji) + (−1)s ιp(E−j,−i)
)⊗ ysp · (−1) ¯+1 ∈ End(CN|N )⊗n ⊗An
where ιp denotes embedding of End(C
N|N ) to End(CN|N )⊗n as the p -th tensor
factor. All these coefficients commute with the elements Ppq ⊗wpq and Jp ⊗ cp in
the algebra End(CN|N )⊗n ⊗ An by part (b) of Proposition 5.2. By part (a), one
can now define a representation of the Z2 -graded algebra Y(qN ) in V by assigning
to the generator T
(s+1)
ij with s > 0 the action, induced in V by the operator
(5.5)
∑
16p6n
(
ιp(Eji) + (−1)s ιp(E−j,−i)
)⊗ ξ (y sp ) · (−1) ¯+1
in the space (CN|N )⊗n⊗U . Correspondence U 7→ V is the Y(qN ) -analogue of the
Drinfeld functor [D2] for the Yangian Y(glN ) . Denote our correspondence by FN .
For any positive integer n′ consider the tensor product An⊗An′ of Z2 -graded
algebras. It is isomorphic to the subalgebra in An+n′ generated by transpositions
wpq where 1 6 p < q 6 n or n + 1 6 p < q 6 n + n
′ , along with all the
elements cp and xp where 1 6 p 6 n + n
′ . Take any Z2 -graded representation
ξ ′ : An′ → End(U ′) . Consider the representation of the algebra An+n′ induced
from the representation of An ⊗ An′ in U ⊗ U ′ . The algebra An+n′ acts in the
vector space An+n′ ⊗ U ⊗ U ′ via left multiplication at the first tensor factor. We
realise the induced representation in the quotient space of An+n′ ⊗ U ⊗U ′ by the
following relations: for homogeneous b ∈ U , b′ ∈ U ′, X ∈ An+n′ , Y ∈ An , Y ′ ∈ An′
(5.6) (XZ)⊗ b⊗ b′ = X ⊗ (ξ (Y )b)⊗ (ξ ′(Y ′)b′ ) · (−1)deg b deg Y ′
where Z stands for the image of Y ⊗ Y ′ ∈ An ⊗An′ in the algebra An+n′ . Let
us denote by U ⊙ U ′ this quotient space.
Consider the representation of the algebra Y(qN ) in the space V
′ = FN
(
U ′
)
.
Determine a representation of Y(qN ) in V ⊗ V ′ using the comultiplication (2.19).
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Proposition 5.3. Representation of the algebra Y(qN ) corresponding to U ⊙ U ′ ,
is equivalent to the representation of Y(qN ) in V ⊗ V ′ .
Proof. By definition, V ⊗V ′ is a quotient space of (CN|N )⊗n⊗U⊗(CN|N )⊗n′⊗U ′ .
Identify the latter tensor product with (CN|N )⊗ (n+n
′)⊗U ⊗U ′ via the linear map
a⊗ b⊗ a′ ⊗ b′ 7→ a⊗ a′ ⊗ b⊗ b′ · (−1)deg a′ deg b .
Let W be the quotient space of (CN|N )⊗ (n+n
′)⊗U⊗U ′ corresponding to V ⊗ V ′ .
To determine the action of the algebra Y(qN ) in W , we can use the representation
Y(qN ) → End(CN|N )⊗(n+n′) ⊗ End(U) ⊗ End(U ′) , with respect to which the
element T (u) ∈ End(CN|N )⊗ Y(qN ) [[u−1]] is represented by the product
→∏
16p6n
(
1− P1,p+1 ⊗ 1
u− ξ(xp)⊗ 1 + P1,p+1J1Jp+1 ⊗
1
u+ ξ(xp)⊗ 1
)
×
→∏
16q6n′
(
1− P1,n+q+1 ⊗ 1
u− 1⊗ ξ′(xq) + P1,n+q+1J1Jn+q+1 ⊗
1
u+ 1⊗ ξ′(xq)
)
in the algebra End(CN|N )⊗ (n+n
′+1) ⊗ End(U)⊗ End(U ′) . Here we used (2.19).
The space of the representation of Y(qN ) corresponding to U⊙U ′ , is a quotient
space of (CN|N )⊗(n+n
′) ⊗An+n′ ⊗ U ⊗ U ′ . The assignment
a⊗ a′ ⊗ b⊗ b′ 7→ a⊗ a′ ⊗ 1⊗ b⊗ b′ ∈ (CN|N )⊗(n+n′) ⊗An+n′ ⊗ U ⊗ U ′
induces an isomorphism of W to this quotient. This isomorphism commutes with
the action of the algebra Y(qN ) , since by (5.6) for any 1 6 p 6 n and 1 6 q 6 n
′ ,
the actions of xp and xn+q on the class of 1⊗ b⊗ b′ in U ⊙ U ′ yield the classes
of 1⊗ ξ (xp)b⊗ b′ and 1⊗ b⊗ ξ ′ (b′) respectively 
To give an example of the correspondence FN : U 7→ V , consider any principal
series representation of the algebra An . This is the representation induced from
a character χ of the commutative subalgebra in An generated by x1 , . . . , xn .
Note that this subalgebra is maximal commutative by [N2,Proposition 3.1]. Take
character χ such that χ(x1) = z1 , . . . , χ(xn) = zn in C . Due to Proposition 5.1,
the space Uz1... zn of the corresponding principal series representation of An is
identified with algebra Hn , which acts on itself via left multiplication. The action of
xp ∈ An is then uniquely determined by the assignment 1 7→ zp in the space Hn .
Corollary 5.4. The representation of the algebra Y(qN ) corresponding to Uz1... zn
is equivalent to the representation (2.22).
Proof. The representations of the algebra An in Uz1... zn and Uz1 ⊙ . . .⊙Uzn are
equivalent. Due to Proposition 5.3 it suffices to consider the case n = 1 . The space
of the representation of Y(qN ) corresponding to Uz is the quotient of C
N|N ⊗H1
by the relations
a⊗ c1 ·
√−1 = (Ja)⊗ 1 · (−1)deg a
for homogeneous a ∈ CN|N . Assignment a⊗1 7→ a induces an isomorphism of this
quotient to CN|N . By (5.5), for any s > 0 the generator T
(s+1)
ij ∈ Y(qN ) acts on
the vector a⊗1 ∈ CN|N⊗Uz as the operator
(
Eji⊗z s+E−j,−i⊗(−z)s
)·(−1) ¯+1 .
Comparing this with the definition (2.21), we complete the proof 
Let us use the notion of a Z2 -graded irreducibility. When the Z2 -graded vector
space U is finite-dimensional, the representation ξ in U will be called irreducible
if any Z2 -graded subspace in U preserved by ξ is either the zero space or U itself.
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Theorem 5.5. Suppose that the representation of the Z2 -graded algebra An in U
is finite-dimensional and irreducible. Then the finite-dimensional representation of
the Z2 -graded algebra Y(qN ) in V is also irreducible.
Proof. We extend the arguments from [A,Section 4] . The algebra Y(qN ) contains
the enveloping algebra U(qN ) as a subalgebra, see (2.13). Representation of this
subalgebra in (CN|N )⊗n ⊗ U is the tensor product of n copies of the defining
representation in CN|N and the trivial representation in U , see (5.3). Let V0
be any non-zero Z2 -graded subspace in V = FN
(
U
)
, preserved by the action of
Y(qN ) . In particular, V0 is preserved by the action of U(qN ) . By [S2,Theorem 3]
there is a Z2 -graded subspace U0 ⊂ U preserved by ξ(Hn) , such that V0 ⊂ V
corresponds to U0 . Assume that for any non-zero vector b ∈ U0 the image in V0
of the subspace (CN|N )⊗n⊗ b ⊂ (CN|N )⊗n⊗U0 is not zero. Since ξ is irreducible,
ξ(An) · U0 = U . Let us show that the subspace V0 ⊂ V is also Y(qN ) -cyclic.
Consider the representation of the algebra An induced from the representation
of its subalgebra Hn in U0 ; ξ is a quotient of this induced representation. Thus
instead of ξ it suffices to take the induced representation. Realise it in the quotient
space U ′ of An ⊗ U0 with respect to the relations (XY )⊗ b = X ⊗
(
ξ (Y )b
)
for
all homogeneous X ∈ An , Y ∈ Hn and b ∈ U0 . Instead of the subspace U0 ⊂ U
it suffices to take the image of the subspace 1 ⊗ U0 ⊂ An ⊗ U0 in this quotient.
Then we have to prove that the subspace in V ′ = FN
(
U ′
)
corresponding to the
image in U ′ of 1⊗ U0 , is Y(qN ) -cyclic.
There is an ascending Z -filtration on the algebra An such that any generator xp
is of degree one while wpq and cp are of degree zero, see (5.1). The filtration on An
induces an ascending Z -filtration on the vector space (CN|N )⊗n⊗An⊗U0 and on
its quotient V ′ . This filtration on V ′ is compatible with the action of the algebra
Y(qN ) , when it is Z -filtered so that the degree of the generator T
(s+1)
ij is s . But
the corresponding Z -graded algebra is isomorphic to U(g) , see Theorem 2.3. The
corresponding Z -graded action of U(g) can be realised in the space of co-invariants
under the action of the group Sn⋉Z
n
2 in (C
N|N )⊗n⊗U0⊗C [x1 , . . . , xn] . Here the
action in (CN|N )⊗n⊗U0 is determined by α while the action in C [x1 , . . . , xn] is
standard: any permutation w ∈ Sn acts as xp 7→ xw(p) , the generator of the q -th
factor Z2 in Z
n
2 acts as xp 7→ (−1)δpq xp . Let W be this space of co-invariants.
The Z -graded action of the algebra U(g) in W is induced by its action in the space
(CN|N )⊗n⊗U0⊗C [x1 , . . . , xn] , where the generator F (s)ij ∈ g acts as the operator∑
16p6n
(
ιp(Eij) + (−1)s ιp(E−i,−j)
)⊗ 1⊗ xsp .
We have to prove that the subspace V0⊗1 ⊂W is cyclic under the action of U(g) .
Let u1 , . . . , un be complex variables. Let ̟n be the supersymmetrisation map
in the space (
End(CN|N )[u]
)⊗n
= End(CN|N )⊗n[u1 , . . . , un] ,
as in the proof of Proposition 2.2. We have normalised this map so that ̟ 2n = ̟n .
Consider the homomorphism U(g)→ End(CN|N )⊗n[u1 , . . . , un] determined by
(5.7) F
(s)
ij 7→
∑
16p6n
(
ιp(Eij) + (−1)s ιp(E−i,−j)
)
usp .
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Image of U(g) under this homomorphism consists of all polynomials F (u1 , . . . , un)
valued in End(CN|N )⊗n which are ̟n - invariant and for each p = 1 , . . . , n satisfy(
id⊗ (p−1) ⊗ η ⊗ id⊗ (n−p) )F (u1 , . . . , un) = F (u1 , . . . ,−up , . . . , un) .
This follows from the Poincare´ -Birkhoff -Witt theorem for Lie superalgebras.
Now consider the subspace in (CN|N )⊗n ⊗ U0 ⊗C [x1 , . . . , xn] consisting of all
invariants under the action of the group Sn ⋉ Z
n
2 . Denote by W∗ this subspace.
Also consider the subspace W0 in the tensor product (C
N|N )⊗n⊗U0 consisting of
all α - invariants. We shall prove that the subspace W0 is cyclic under the action
of the algebra End(CN|N )⊗n in the first tensor factor. The above description of
the image of U(g) under (5.7) will then imply, that the subspace W0 ⊗ 1 ⊂ W∗ is
U(g) -cyclic. But this will yield U(g) -cyclicity of the subspace V0 ⊗ 1 ⊂W .
Take any α -invariant inner product 〈 , 〉 on the vector space (CN|N )⊗n ⊗ U0 .
Now suppose that the subspace W0 ⊂ (CN|N )⊗n⊗U0 is not End(CN|N )⊗n -cyclic.
Then we have
〈
(CN|N )⊗n ⊗ b ,W0
〉
= {0} for some non-zero vector b ∈ U0 . But
this contradicts to our initial choice of the subspace U0 ⊂ U 
A method for constructing the irreducible finite-dimensional representations of the
algebra An was developed in [N2]. Restriction of any such representation U to the
subalgebra Hn ⊂ An is a quotient of the left regular representation of Hn . The re-
striction of the corresponding representation V of Y(qN ) to the subalgebra U(qN )
is then a quotient of the representation of U(qN ) in (C
N|N )⊗n . But there are
irreducible finite-dimensional representations of the algebra U(qN ) , which do not
appear as quotients of the representation in (CN|N )⊗n for any n , see [P]. Thus our
correspondence U 7→ V cannot provide all irreducible representations of the algebra
Y(qN ) . It would be interesting to give a parametrisation of all irreducible finite-
dimensional representations of the algebra Y(qN ) ; cf. [D4,Theorem2] and [M].
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